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ABSTRACT
Field measurements on bridge structures have revealed that hangers at
supports of suspended spans sometimes are subjected to high stresses. The
objective of this study is to examine the hypothesis that these high stresses
may be caused by conditions such as gusty wind and sudden movement of the
joints due to the traffic or thermal expansion. The analysis is conducted by
using the principle of vibration of structures. Two methods were used in the
calculations: the discrete model method and the continuous properties method.
Conditions examined include pin-ended and fix-ended hangers subjected to
sudden gusts, sudden horizontal movement of one end, and sudden release
of end rotational restraint. The resulting stress-time variations at points of a
hypothetical hanger qualitatively and quantitatively match those obtained from
field measurements. Confirmation by more extensive measurement and
analytical evaluation is recommended.
1
1. INTRODUCTION
1.1 General Background
Hangers are common features in bridges. Figure 1-1 shows
schematically_a part of a truss bridge in which members AS and CD are the
bridge hangers. The hangers support the suspended truss. As a result, these
hangers are always subfected to tensile axial forces.
In designing the bridge hangers, the dynamic effects of live loads are
incorporated through the use of an impact factor.(1) With this factor, the load-
carrying strength of a bridge member is generally adequate. However, the
vibrational behavior of hangers is not examined in the design process.
Vibration of bridge hangers may induce time dependent stresses of fairly high
magnitudes. These high stresses may cause the structural members to
develop fatigue-crack or to fail locally if the stresses exceed the resistances of
the members. In order to achieve safety, good performance, and high
reliability, the vibrational effects on hangers should considered in the
investigation process.
1.2 Purpose of Study
The purpose of this study is to apply the principle of structural vibration
to examine the causes of dynamic response of brjdge hangers that have
2
experienced liigh stresses. The high stresses of the hangers may result from
gusty wind loads, sudden movement of the joints due to floor movement, and
sudden release of the joints when overcoming friction. The results of this study
should provide an insight into the dynamic responses of bridge hangers to
these dynamic forces and lead to solutions of the problems of high stresses in
the members.
1.3 Scope of the Study
In this study, two methods, namely, the continuous properties method
and the discrete model method are used wherever applicable. Although the
end conditions of hangers in reality are neither pinned nor fixed, in the
analyses, the idealized end conditions of the member are adopted for simplicity.
Furthermore, only the first mode response of the member is considered in
because the contribution of the first mode responses governs the behavior of
the structural member. A list of combination of analytical model and end
conditions is given in Figure 1-2. Also the modeled applied loads and their first
mode responses are depicted in Figure 1-3.
The primary interest of this study is to investigate the stress-time
relationships of hangers of large truss bridges and to correlate the analytical
results to data obtained from field measurement on two in service bridges. The
effects of the damping ratio and the duration of the applied forces are
examined. In this study, the cross section of the hanger is assumed to be a
3
box section having a width of 30 in., a depth of 40 in., and a uniform wall
thickness of 5/8 in.. The length of the hanger is taken as 65 ft. Figure 1-4
shows the dimensions of this hypothetical bridge hanger.
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2. THEORETICAL BACKGROUND
A study of the dynamic behavior of a structure or structural component
may begin with an investigation of its properties (stiffness, mass, and damping
property) and the characteristics of the applied forces. These physical
quantities are then translated into mathematical quantities and a mathematical
model is constructed based ·on any of the acceptable methods. Thereafter,
analysis of the model is performed, and the results are used for explaining the
physical phenomena of time dependent motion and related stresses.
Many methods are available in constructing mathematical models to
explain the responses of structures to dynamically applied forces. Among
these, the discrete model method and the continuous properties method are
the most widely used. Each case of this study, therefore, uses either one or
both of these two methods in the analyses. This chapter reviews the
background of these two methods in some detail.
2.1 Discrete Model Method
2.1.1 Structure Properties
The dynamic analysis of a structural member using the discrete
model method requires calculation of the stiffness matrix, the mass matrix, and
the damping coefficient matrix. In order to determine the elements of these
matrices, .all the nodal deflection functions of the member having fixed
5
boundaries and subject to a unit displacement of the jth degree of freedom
(DOF),'P i(X), are needed. For a structural member in a two-dimensional plane,
.
these deflections can be computed from static analysis. For the member
displacements, of Figure 2-1, the deflection functions are, 'Pj(X) , the following:
1J.f1 (X) -1- X
L
1J.f2 (x) -1-3 ( X) 2+2 ( X) 3L L
1J.f3 (X) =x(l- X r~
L
1J.f (X) = X
4 L
1J.f (X) =3 ( X) 2-2 ( X) 3
5 L L
X 2 X1J.f6 (X) =- (- -1)
L L
The stiffness matrix, [K], is then determined by using the principle
of virtual work. Consequently, the stiffness coefficient can be written as
After calcuating all the ~j' the stiffness matrix, [K], can be written
as
6
AL2 0 0 -AL
2
0 0
--
--
X X
0 12 6L 0 -12 6L
[K] _ EX 0 6L 4L2 0 -6L 2L2
L 3 -AL2 0 0 AL
2
0 0--X X
0 -12 -6L 0 12 -6L
0 6L 2L2 0 -6L 4L 2
When the member is also subjected to an axial force of constant
magnitude, the presence of the axial force affects the stiffness of the member.
Consequently, the stiffness coefficients are to be modified. The modification
of the stiffness coefficient kij can be done by introducing the geometric stiffness,
~ij , which is defined as the force corresponding to the nodal coordinate ith due
to the axial force at nodal coordinate r. These coefficients can also be
evaluated by applying the principle of virtual work. The geometric stiffness
coefficient, then, can be expressed as
It is convenient to assume that the normal force N(x) is
independent of time. Moreover, if the axial force N is constant along the length
of the beam, then the geometric stiffness matrix, [~], can be written as
7
1 1 0 1 1 0- - - -L L L L
1 ~L 1 1 6 1
- - -
--L -
L 5 10 L 5 10
0 1 2 L 0 1 L- - -
10 15 10 30[KG] -N
1 1 1 1
--
-
- 0 - 0
L L L 1
1 6 1 1 ~L 1
-- --L - - -
L 5 10 L 5 10
0 1 L 0 1 2 L- -- --
10 30 10 15
.Finally, the combjned stiffness matrix, [~] of the structure is
calculated from the sum of the elastic stiffness [K] and the c.onsistent geometric
stiffness matrix [~] in a mathematical form,
where tensile axial force has a positive value in computing [~]
In establishing the mass matrix, [M], of a dynamic system, a
parameter called the mass coefficient, mij, is introduced. The mass coefficient,
mij , is defined as the force at nodal coordinate i
th due to only a unit acceleration
at nodal coordinate r. Similar to the stiffness coefficient, the principle of virtual
work is employed in the derivation of the mass coefficient, mij. The mass
coefficient, mij, then can be written as
8
LL.mij= 0 m(x) 'P i (X) 'P j (X) dx
For a beam with a uniformly distributed density, the mass matrix,
[M], can be expressed as
140 0 0 70 0 0
0 156 22L 0 54 -13L
IhL 0 22L 4L2 0 13L -3L 2[M] - --
420 70 0 0 140 0 0
0 54 13L 0 156 -22L
0 -13L -3L2 0 -22L 4L 2
Finally, the damping matrix, [C], is expressed as
[C] =2 ~ CJ.) [M]
Where co is the natural frequency; ~, the damping ratio; and [M], mass matrix.
2.1.2 External Forces
When the dynamic load acting on the structure consist only of
concentrated forces and moments applied at certain nodal coordinates, the
external force matrix,[F(t)], can be written directly. However, loads are
generally applied at arbitrary points other than the flodal coordinates. In
addition, the external forces may also include the distributed force, p(x,t). In
9
this case; the corresponding external force matrix will consist ofthe equivalent
,/
nodal forces. The procedure to determine the equivalent nodal forces also
uses the static deflection function, 'Pj(x), and the principle of virtual work. The
equivalent nodal forces Fj(t) can be expressed as
Where Pj(t) = the concentrated forces acting along the length of
the member.
xj = the lacation of the concentrated force Pi(t).
2.1.3 Dynamic Equilibrium Equation
The relationship between the stiffness matrix, the mass matrix,
the damping matrix, and the external force matrix may be established by
imposing conditions of dynamic equilibrium betweeen the inertial forces {F,(t)},
damping forces {FD(t)}, elastic forces {Fs(t)}, and the external forces {F(t)}.
This equation of dynamic equilibrium can be expressed in term
of the four matrices
10
[M] [Y.! +[C] [Y.! +[K] [Y] =[F(t)]
where [Y] is the displacement; [Y], the velocity; and [Y], the
acceleration.
The solution of the above dynamic equilibrium equation may be
accomplished by various methods of analysis with the assistance of appropriate
computer program packages. In this study, the computation is based on the
modal superposition method.
2.1.4 Solution by Modal Superposition Method
Before solving the dynamic equilibrium equation, two properties;
namely, the natural frequencies(ro) and the corresponding modal shapes($) are
determined. The dynamic equilibrium equation of a free vibration system
without damping can be written as
[M] [Y.! + [K] [Y] = [0]
By assuming that the solution of such equation as [Y] = [a]sin (rot-
00), the equation can be reduced to a homogeneous system of linear algebraic
equations:
( [K] _(&l2 [M] ) [a] = [0]
11
For a nontrivial solution, the solution for which not all a; =0 , the
determinant of the coefficients of the unknown [a] must be equal to zero. In
this case,
I[K] _CJ)2 [M'JI=o
The root of this equation provides the natural frequencies, ill (the
eigenvalue). It is then possible to solve for the unknowns [~] corresponding to
the COj which are called the modal shapes (eigenvectors) of the dynamic
system. It is convenient to reduce the modal shapes to a normalized matrix,
As a result,
and
12
In addition, by Maxell-Betti theorem, it can be shown that
The above equation is called the orthogonality condition.
Consequently, the relationship between [$] and [M] can be written as
It is now assumed that a linear transformation between the nodal
displacement matrix, [V], and the normalized matrix, [$], exists via a modal
superposition equation:
[y] = [<t>] [Z]
Where [$] = modal shape of the system
[Z] = modal displacement as a function of time
By substituting the modal superposition equation into the dynamic
eqUilibrium equation, then using the orthogonality condition and neglecting the
damping term, the dynamic equilibrium equation becomes
13
Where Pj(t) = modal force of the ith mode defined by
Pj(t) = <P1iF1(t) + <P2iF2(t) +...+ ~njFn(t)
Fj(t) = nodal force at the ith DOF
Each above equilibrium equation is associated with only one
mode of vibration, and each one is analogous to the equilibrium equation of a
single degree-of -freedom system. Therefore, an N-degree-of-freedom system
can be separated into N-single-degree-of-freedom system. The dynamic
response of each of these single DOF systems then can be obtained by using
Duhamel's integral or by using the dynamic response function (DRF). Finally,
the dynamic response of the N-DOF system is formed by substituting the
respons~ of all single -DOF systems into the modal equation, [y] = [~][Z].
2.1.5 Dynamic Response Function
The purpose of this section is to provide as examples the
solutions for the dynamic response functions to a symmetrical triangular load
pulse ( see Fig. 2-2) and a suddenly applied constant force ( Fig 2-3). These
two loading cases are used in this study.
In general, if a system of mass is subjected to a force F(t) , the
response of the system can be described mathematically as follows:
For an undamped system,
14
where
For a damped system,
Yet = static deflection
Yo = initial deflection
Vo = initial velocity
ro =natural frequency
roD =ro(1-~)·5 damped natural frequency
~ = damping ratio
In this study, it is assumed that the effect of damping can be
neglected during the short period of applying external force. However, the
effect of damping must be taken into account after the period of applying force.
In addition, in this study the dynamic response function (DRF) is used, which
is defined as the ratio between the dynamic deflection at any time of the
system due to an applied force F to the deflection of the same system due to
the same force F being applied statically. Consequently, the DRF of a system
of mass subjected to the triangular pulse load showed in Fig 2-2 can be
defined as
15
2 (t- sinCalt)
t d Cal
2 [td-t+J:. [2sine.>{t- t d ) -sine.>t]]
t d e.> 2
DRF{ t) = _rCil(t+t) t d . t d )4e .. If (l-COSCal-) [Sl.ne.>-cose.> (t+t2 2 D d
COse.> tdsine.>D{ t+td) ~sine.> tdsine.>D{ t+td)
+ 2 + 2 ] t~td
Jl-~2 Jl-~2
and the DRF of a system subjected to a suddenly applied
constant force is
DRF{ t) =l-e(CiIt (cose.>t+~sine.>t)
2.2 Distributed Properties Method
The dynamic analysis of a single span beam having distributed mass
and elasticity and subjected to flexural loading is summarized in this section.
It is assumed that the beam theory with the Bernoulli-Navier hypothesis( plane
cross sections of a beam remains plans during flexural) is valid.
The natural frequencies and the corresponding mode shapes of a beam
then can be determined by solving the differential equation of dynamic
equilibrium and imposing the corresponding boundary condition. The
differential equation can be written as
16
where E
EI iJ4y +m iPy =p(x, t)
ax' ax2
= Young's modulus of elasticity
= the moment of inertia of the cross sectional area
with respect to the neutral axis
Fig 2-4 shows the natural frequencies, 0), and the corresponding mode
shapes, <p, of a simply supported beam and a fixed end beam. Similar to the
discrete model method, the orthogonality properties make possible the
uncoupling of the differential equation of equilibrium. The orthogonality
condition of the distributed properties method can be stated a,s
The response of a continuous system can also be determined by using
the modal superposition equation; that is,
n
y(x, t) ='L c1tn (x) zn (t)
1
where Zn(t) is the displacement -time function of the n'h mode which can be
found by solving the following equation which is derived by the same technique
as the discrete model method:
17
where
and
By substituting Z(t) and [~] into the modal superposition equation, the
deflection can then be determined. Once the deflection is known, the bending
moment (M) and the corresponding stresses(cr) along the member can be
computed by using the following well known relationships, namely,
and
Me(J=-
I
18
3. FLEXURAL RESPONSE OF A HANGER
This chapter reported the results of analyzing the hypothetical hanger
of last chapter subjected to a gusty wind or a sudden movement at one end.
By using the influence numerical values of some parameters is explored.
3.1 Response of A Bridge Hanger to Gusty Wind
In this study, the wind load is assumed as uniformly distributed along the
length of the hanger. The time function of the load is assumed as a
symmetrical triangular pulse with a maximum magnitude of 100 psf. The
duration of the wind pulse, td, is taken as 0.1 sec. The wind direction is
assumed either normal or parallel to the traffic direction. For the case that the
wind is acting normal to the traffic, the hanger support condition is modeled as
a" fixed-fixed" condition whereas a" pinned-pinned" condition is used for the
wind parallel to the traffic. Material properties of the bridge hanger is assumed
to be as follows: the modulus of elasticity, E, is 29 x 103 ksi and the specific
weight of steel is 490 pcf. The modal damping ratio of 10%, 15%, 20%, 25%
and 30% are used so as to compare its effect and to calibrate against the field
measured data.
3.1.1 Hangers subjected to wind parallel to the traffic
A) Evaluation by using continuous properties method.
In this case, the hanger is modeled as a simple supported
19
member. The natural frequencies, modal shapes, and other parameters are
listed in Fig 2-4. With the dimensions of the example hanger, the natural
frequency of the first mode is 001 =n2..[(EI/mL4) = 50.7 rad/sec or f1 = 8:1 Hz.
and the corresponding mode shape is ~1 = sin (nxlL).
By using the modal superposition equation, y = ~(x)Z(t), the
equilibrium equation for each mode is
where
and F(t) is the applied uniformly distributed force.
By substituting the numerical values, the following equation
is obtained for the first mode.
Zl (t) +2570Z1 (t) = 19. 8F( t)
The modal displacement is, then, given by
where
20
Z = Fa -y= (20.83) (4/1t) =0.160 (in)
1st (a)2lii 2570xO.0643
and DRF(t), the dynamic response function, is the time function which defines
the motion of the vibrational mode as presented in section 2.1.5.
If the first mode alone is sufficient to describe the response
of the hanger, the total response of the member is computed from
y(x, t) =Zlstcl»l (x) -DRF( t)
(in)
=0 . 160sin ( 1tx) -DRF( t)
L
The maximum deflection of the simple supported member
occurs at the mid span at x= U2, and can be calculated from
Ymax (t) = 0 . 160DRF( t) (in)
The stress at any point along the hanger can be
determined by
a (x, t) =M(x, t) .£ =Ec d 2y(x, t)
I dx2
=(~)2 EcFy sine 1tXDRF (t)L {a)2m L
21
psi
The maximum stress is at x= 1/2 and is formed by
substituting the numerical values,
(Jmax (t) =1510DRF( t) (in)
Figure 3-1 to 3-5 show the stress-time relationship of mid
height of the pin-ended hanger subjected to a gusty wind, computed by using
continuous properties method. In the figures, the wind force duration(~) is 0.1
sec and the damping ratios of 10%, 15%, ... , 30% are used. Examination of
these figures reveal a maximum bending stress of 2290 psi and a fluctuation
of stress after the cease of the gust. The fluctuation is dependent on the
damping; this will be discussed later.
B) Evaluation by using discrete model method
The hanger is modeled as a pin-ended member subjected
to the gusty wind and an axial force of 1000 kips. From the displacement
coordinates of Fig.2-1 it is seen that the horizontal displacements O2 and 05 are
zero. By assuming no vertical movement of the hanger at the lower end, the
displacement 04, therefore, also does not occur. When the numerical values
of the hanger are used, the stiffness matrix, [K], and the mass matrix, [M], are
formulated as
22
2.35xl0 6 0 0
[KJ 0 3. 33xl0 9 1.59xl0 9
o 1. 59xl0 9 3. 33xl0 9
[M]
16.7
o
o
o 0
2.91xl0 5 -2.18xl05
2.18xl0 5 2.91xl0 5
Because the axial force has been assumed as constant and not affected by the
axial displacement of the hanger, the axial coordinate in each of the matrices
is independent of the bending elements.
The natural frequencies of the hanger are found by using
the roots of the characteristic equation, I[K] - ol[M] I = O. The two natural
frequencies are then computed as
ea> J 58.5]
1260
£J9.31]
141.4
rad/sec
Hz
or the corresponding periods of vibration, T, are
[
0.11 ]
T = 0.024
23
sec
From the equation of motion of the free vibration of
undamped system, the corresponding modal shapes, $, are obtained
. ~ [::: :::]
[
9. 92xl0-4 2. 6Xl0-3 j
= -9.92xl04-4 2.6xl0-3
The uniformly distributed gusty wind load is converted to
the equivalent nodal forces, Pj(t).
= F( t) L 2 = S0700F( t)
12
= -P3 (t) = -S0700F( t)
and the modal force, Pj(t) , is determined as
P1. (t) = cl»31.P3 (t) +cI»~1P6 (t) = 100F( t)
P2 ( t) = cl»32P3 ( t) +tI»6~6 (t) = 0
Because there is no modal for the second mode, it is not
excited. First mode alone represents the vibration. The equation of motion of
the first mode is then
Z1. (t) +3423Z1 (t) = 101F( t)
24
where
Solving the above equation results in
Zl (t) = Zlst 'DRF{ t)
Z = 101 = 2, 94xl0-2
1st 3423
DRF(t) = dynamic response function
(in)
By taking the first mode only and using the relationship
[Y] = [~][Z], the deflections at the nodal coordinates are computed as
[
Y3 ( t) ] [ 1 ]Y
6
(t) = -1 2, 91xl0-sDRF{ t)
The nodal forces are then computed and the moments
along the length of the hanger are determined by the equilibrium of the forces.
Consequently I
M{x, t) = x (L-x) DRF{ t)
2
and its maximum value is at x = U2.
25
Finally, the stress of mid height of the hanger is calculated
from O"max(t) = Mc/l ±PIA
(Jmax (t) = 1460DRF( t) +1140 psi
Figure 3-6 to 3-10 show the resulting stress-time relationship of
the bending stress in the above equation for the pin-ended member. In the
figures, the wind force duration, td, is 0.1 sec and the damping ratio, ~, is 10%,
15%, ... ,30%, respectively. The curves in the figures show that the maximum
bending stress is 2270 psi. The corresponding maximum stress including the
contribution of the axial force is 2410 psi.
3.1.2 Hanger subjected to wind normal to the traffic
The bridge hanger is modeled as a fix-supported member.
For such a boundary condition, the discrete modal of Fig 2-1 has all the
displacements equal to zero, thus additional nodes in the member must be
introduced. For simplicity, therefore, only the continuous properties method is
utilized in the analysis. The solution technique is carried out in the same
manner as for the previous example (section 3.1.1 A), and the results can be
summarized as follows.
The natural frequencies, co and f, the period of vibration,
'1:, and the modal characteristic shapes, $, for the first mode of vibration are,
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respectively
(0)1 = 92.6 rad/sec
£1 = 14.7 Hz
T1 = 6. 79xl0-'2 sec
4»1 (x) = cosh (ax) -cos (ax) -0.983 [sinh (ax) -sin (ax) ]
where a = 6.06 x 10-3
By using the modal superposition technique with only the
first mode, the deflection along the length of the member can be described by
y(x, t) = Zlst4»l (x)
= 0.04184» (x) DRF( t)
(in)
hanger is
From cr = Ec d2y/dX:, the stress along the length of the
0' (x, t) = 669DRF( t) [cosh (ax) +a 2cos (ax)
-0.983(sinh(ax)-sin(ax»]
(in)
is given by
The maximum stress occurs at the ends of the hanger and
O'max (t) = 670DRF( t)
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(psi)
Figure 3-11 to 3-15 showed the stress-time relationship of
the fix-supported hanger subjected to the gust normal to the bridge span,
calculated by using the continuous properties method. The duration of the
gusty wind force, teJ, 0.1 sec, and the damping ratios, S, were 10%, 15%, ... ,
30%. The bending stress has a maximum value of 860 psi. The residual
vibration often t =0.1 sec depends on the magnitude of the damping ratio.
3.1.3 Comparison of Results
Comparison of the curves in Figs 3-1 to 3-10 with the same
damping ratio shows that the results of using the continuous properties method
and the discrete model method in analyzing the pin-ended hanger are
essentially the same. Figure 3-16 is a direct comparison for a damping ration
of 25%. It is seen from the stress-time variation that both methods yield
virtually the same result although the continuous properties method is
theoretically more precise, its computational effort is more involved. Moreover,
using the continuous properties method to solve problems with support
movement or axial bending becomes even more complicated. Therefore,
henceforth, the computations will be done only be using the discrete model
method.
Figure 3-17 compares the response of the hanger to gusty
wind of different duration, teJ. The duration of gust affects both the magnitude
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of the maximum stress and the shape of the stress-time response. When the
gusty wind is very abrupt, with teJ equal to 0.001 sec or 0.1 sec, the curves
exhibit the characteristic of dynamic responses; that is, a fluctuating stress with
peak values decaying with time after the loading period. On the other hand,
when the duration of gust becomes longer with td equal to 0.4 sec, the
response function is somewhat similar to the shape of the applied load; the
stress-time curve exhibits the characteristic of a static response rather than a
dynamic response. With regard to the stress magnitude, it is noticed that the
maximum induced stress for teJ equal to 0.1 sec is higher than that for ~ equal
to 0.001 sec. The loading duration of 0.001 sec is extremely short such that
the hanger does not have sufficient time to response. Finally, the maximum
induced stress for teJ equal to 0.4 sec is approximately equal to that which
would have occurred if the same force were applied statically. Therefore, for
the hanger of this study, gusty wind with duration of 0.4 sec or longer can be
considered as steady wind; the response of the hanger is static rather than
dynamic. (The problem of vortex shedding, however, is not examined here)
To confirm the analytical results presented in this section
requires data from field measurements. There are few stress or displacement
data available. Two stress-time records from a study in progress on bridge
hangers are presented in fig 3-18 to compare with the stress-time curve form
the pin-ended hanger of this study. It is seen that both the shape and the
magnitude of the field measured data are matched by the results of the
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analysis using a load duration of 0.1 sec and a damping ratio of 30%. Whether
these quantitative values are realistic needs to be studies. For this study, an
important conclusion is that a gusty is a possible cause of these recorded
stress fluctuations in bridge hangers.
3.2 Response of A Bridge Hanger to Sudden Movement at one end
3.2.1 Hangers subjected to sudden horizontal movement
One ends of a bridge hanger may be subjected to a sudden
horizontal movement with respect to the other end. To determine the dynamic
responses of the member, the discrete model method is used. In reference to
Fig 2-1, it is assumed that the maximum relative displacement between the 2nd
and the 5th coordinate is 0.5 in. If as =0 then O2 =0.5 F(t). Moreover, the
force as a function of time is assumed to be a symmetrical triangular pUlse, as
shown in Fig 2-2. Both the support conditions of "pin-ended" and "fix-ended"
are modeled. Material properties and dimensions of the hanger adopted in
section 3.1 are again used for the analysis.
A) Simple supported hanger subjected to sudden horizontal
movement at one end
Referring to Fig 2-1, it is assumed that 05 =0. It is further
assumed that there is no vertical movement of the lower end (04 =0) and that
the axial force in the hanger remains constant. Then, only the end rotations
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and the horizontal movement of the upper end are unknowns. Both the
stiffness matrix, [K], and the mass matrix [M], are reduced to 3x3 in size, as
follows:
1.74xl04 6. 30xl06 6. 30xl06
[K'] = 6. 30xl06 3. 33xl09 1. 59xl09
6.30xl06 1.59xl09 3. 33xl09
18.6 2. 05xl03 -1. 21xl03
[M'] = 2. 05xl0 3 2. 91xl0s -2.18xl0s
-1.21xl03 -2.18xl0s 2. 91xl0s
The natural frequencies, w, and the modal shapes, [$], are
determined from the undamped free vibration system. The frequencies, f, and
the period, T, are then computed, the results are the following:
[
a.68
CJ)= 94.2
364
[
1. 38
f= 15.0
57.9
and
7.24xl0-1
T= 6. 67xl0-2
1.73xl0-2
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rad/sec
Hz
sec
[4»] =
2.41xl0-1
-2. 91xl0-4
-3. 25xl0-4
2.97xl0-1 3.92xl0-1
-1: 70xl0 -3 -5. 4xl0-3
1. 40xl0 -3 -2. 8xl0-3
0.5 F(t) in., are:
The node forces, due to the sudden movement of Y5s(t) =
F2 ~2
F3 = yss{t) K32 =
F6 K62
O.87xl0 4
3 . 15xl0 6 F{ t)
3.15xl0 6
By using the modal superposition technique, the modal
forces of the three modes are
Pl (t) =158F{ t) Ubs)
P2 (t) =1640F{ t) Ubs)
P3 (t) =-22, 400F{ t) Ubs)
Because the model forces have the same form and the
modal frequencies are quite different, the dynamic response of the fundamental
or the first mode dominates. The modal equation of motion for the first mode
is
Z+75.3Z = 158F{ t)
Solving the modal equation results in
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Where
Zst = 158 = 2.10 in
75.3
DRF(t) = dynamic response function
The mode deflection, [y], are then determined from [y] =
[$][Z];
Y2 0.506
Y3 = -6 .10xl0-4 DRF( t)
Y6 -6.83xl0-4
in
Once the deflections are known, the dynamic equilibrium
of the nodes can be formulated and the balancing forces are computed from
Assuming that the maximum moment occurs at the top end of the member, the
magnitude of this moment as a function of time is obtained by substituting
values into the above equation for Fb3
M( t) = Fb3 (t) = 7. 56xl0 6DRF( t) +1. 01xl0 5DRF( t) -3 . 15xl0 6F( t)
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The dynamic response function and its derivatives are
relatively lengthy equations. These are summarized in the Appendix.
With the bending moment known, the stress, a, can be
computed from a = Mc/l ± PIA. The stress-time relationship for the extreme
fiber of the hanger is then described by the following equation.
(Jt{t) = 6. 98xl0 3DRF{t) +93DRF{t) -2. 91xl0 3F{t) +1. 14xl0 3
Figure 3-19 to 3-23 show the time variation of the stress
at the top end of a pin-ended hanger subjected to a sudden horizontal
movement at the same end. In these figures the applied force duration, ~, of
0.1 sec and the damping ratios of 10%, 15%, ... , 30% are used, respectively.
The maximum stress is about 11 ksi. The bending stress is damped out in a
few cycles, the member of which depends on the value of the damping
coefficient. Thereafter, only the static axial stress of about 1 ksi remains.
It is interesting to calculate the dynamic responses of the
first three modes and compare the results with the responses obtained from
only the first mode.
By using the same technique described earlier, the
solutions of the modal equation in terms of static modal displacement (ZsJ and
a dynamic response function (DRF(t)) are
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Zl = 2. 10DRF1 (t)
Z2= O. 18SDRF2(t)
Z3= -0 . 169DRF3(t)
From [y] =[~][Z], the total response are found as
Y2
1
O. S06DRF1 (t) S. 49Xl0-2DRF2 (t)
Y3 - -6 . llXl0-4DRF1 (t) -3 . 15xl0-4DRF2 (t)
Y6 -6. 83xl0 -4DRF1 (t) -2. S9xl0-4DRF2 (t)
-6. 62xl0 -2DRF3(t)
1.13xl0 -4DRF3(t)
4. 73Xl0-4DRF3(t)
The determination of the nodal forces and the bending
moment is then carried out in the same manner as before for the first mode
responses. Finally, the corresponding maximum stress at the top end of the
member is
(Jt (t) = 6. 98xl0 3DRF1 (t) -1. 03Xl0 3DRF2 (t) +3. 89xl0 3DRF3(t)
+93DRF1 (t)+2.91Xl0 3F(t) +1. 14xl0 3
Figures 3-24 to 3-28 show the resulting stress-time
relationship, derived from the first three mode responses with a damping ratio
of 10%, 15%, ,.. , 30% respectively. The maximum stress is about 8.5 ksi,
compared to 1.1 ksi when only one mode of vibration is considered. A direct
comparison of the single mode and three mode will be discussed again later.
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B) Fix-ended hanger subjected to sudden horizontal movement
at one end.
It is clear that, by referring to Fig 2-1, the coordinates 03'
04' 55 and 56 are zero, if the lower end of the hanger is fixed and the upper end
is restrained from rotation. Moreover, if the axial force is assumed to remain
constant, 51 is uncoupled; only the horizontal movement of the upper end
needs to be evaluated. The member can be modeled by a single-degree-of-
freedom system.
The stiffness matrix [K] and the mass matrix [M] can be
written as
[K'] = [1. 79xl03 ]
[MJ =[12.6]
The natural frequencies, co, and, f, and the period, T, are
then found as
Cal =30.7 rad/sec
f =4.88 Hz
T =0.205 sec
computed as
The effective nodal force due to the sudden movement is
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(lb) lb
Then, the corresponding horizontal deflection of the upper end is calculated by
solving the equation of dynamic equilibrium, resulting in Y2 = 0.5 DRF(t).
The nodal reactional forces Fb(t) then determined from
[Fb ] =[M] [ji] + [K] [y] +Feff (t)
The bending moment along the member is obtained as
H{x, t) = Fb2 (t) (x) -Fb3 (t)
The maximum stress is assumed to occur at top end, then,
~ax (t) = 3 •14xl06DRF{ t) +1. 02xl0 3DRF( t)
Finally, the maximum stress of the hanger is calculated
from O"max = Mmaxc/I ± PIA; consequently,
(Jmax (t) = 2. 90xl0 3DRF{ t) +0. 94DRF{ t) +1.14xl0 3 psi
Figures 3-29 to 3-33 show the stress-time relationship at
the top end of a fix-ended hanger subjected to a sudden excursional movement
of 0.5" at the upper end. The end movement is represented by a symmetrical
triangular pulse with a duration 0.1 sec. The damping ratios of 10%,15%, ... ,
30% are used. The curves have the same characteristics of those shown in
Fig 3-24 to 3-28 for the pin-ended condition. The maximum stress of 4.7 ksi
for the fix-ended condition, however, is much less than that for the pin-ended
condition. Further discussions will be made later.
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3.2.2 Hanger subjected to sudden Release of Restraining Movement
The pin connections at ends of bridge hangers often are partially
"frozen" due to changing properties of the lubricant or pressure of the joint
components. As relative motion develop at a partially frozen pin joint because
of thermal or traffic conditions, a restraining moment is induced at the joint.
When this induced moment reaches the limit of resistance, sudden release of
the restraining moment occurs (see Fig 1-3c). This sudden release
phenomenon can be modeled by a pin-ended member which is subjected to
suddenly applied end moment. In this study, the limit of resistance to the
induced moment is assumed to be corresponded to a static end rotation of 038
= 0.025 rad (1.430). This support rotation remains the same for a period of
time until the thermal or traffic condition changes again.
By using the discrete model, as shown in Fig 2-1, the horizontal
displacements are O2 = 05 = O. By assuming that no vertical motion of the
lower end of the hanger, the displacement 04 = O. If the same hanger
properties of this study is again used, then the analytical model is similar to that
of the case presented earlier. The stiffness matrix, the mass matrix, the natural
frequencies, and the modal shapes have all be formed. By transforming the
applied nodal displacement 038 to a set of applied nodal forces, it is obtained:
[
F3] [8. 32X10 6 ]
= F(t)
F6 3.96xl0 6
The modal force P1(t) for the first mode is computed as
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PJ. ( t;) = L cl»ilFi
i
= 4. 32xl0 4 F( t)
The modal equation of motion is
Z+3423Z = 4. 32xl0 4 F( t)
Solving the above modal equation results in
Z = 12.6 [i-cos (CJ)t)]
By assuming that the first mode is dominant, then from [y]=
[~][Z], the deflections at the nodal coordinates can be expressed as
Once the deflections are known, then the other nodal forces can
be computed from
The bending moment along the member is
The stress can be determined from, a = Mc/l ± PIA. At the upper end of the
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hanger,
(J (t) = 2. 01xl0 4DRF( t) +1. 14.xl0 3
+0. 84.DRF( t) +7. 68xl0 3 F( t)
psi
Figure 3-34 to 3-38 show stress-time relationship of a damping
ratio of 10%, 15%, .'" 30%, respectively. The maximum stress due to the
sudden release of restraining moment in this case, is approximately 15 ksi.
3.2.3 Comparison of Results
In the previous two sections on evaluation of response of a hanger
to sudden movement, two important factors have been incorporated. The first
is the number of vibrational modes and the second is the magnitude of damping
ratio. These factors need to be examined.
Figure 3-39 showed the comparison of the stress-time relationship
obtained by using only the first mode and using the first three modes in
determining the response of the hanger subjected to a sudden horizontal
displacement at one end. It is seen from the figure that using only the first
mode results in a computed dynamic response almost identical to that obtained
by using first three modes. The only difference is the magnitude of the peak
stresses. By using the first three modes, the peak stress is about 80% of the
value by using only the first mode. Because the loading(effective force) is not
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symmetrical and the modal shapes are also not symmetrical, it can not be
determined without knowing the actual dimensions of the hanger and the
characteristics of the sudden horizontal displacement. If the magnitude of the
peak stress is of primary concern, then its important to acquire all the necessary
data for and accurate evaluation.
Figure 3-40 compared the analytical responses of the hanger due
to a sudden horizontal movement of one end, computed using different values
of damping ratio(~). Damping is incorporated into the computation after the
duration of sudden support movement,~. It is seen from the figure that the
effect of damping is the reduction of the magnitudes of the subsequent peaks.
When the damping ratio is higher, it reduces the subsequent peak stresses
faster. For the response curves in the figure, the hanger having a 10%
damping ratio takes about 4 cycles to reduce the magnitude of peak stress to
about 10% of the maximum stress; whereas the hanger having 30% damping
ratio will take only about 1.5 cycles.
It must be noted that a damping ratio of 20% or 30% appears to
be very high. However, for pin-ended hangers, the conditions of the end
connections are quite different from these of rigid joints. The lubricant, the
friction between components of the connection, etc. could induce high damping
ratios. Physical measurement for determinate of damping may be necessary.
There are few measured data on bridge component vibration. One set of
stress-time data was recorded recently from the hangers of a bridge.
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Figure 3-41 shows a stress-time curve for a point near the end of
a hanger. For comparison the computed stress-time relationship of this study
for the hypothetical hanger subjected to sudden horizontal movement of one
end is also shown. It is seen that both the shape and the magnitude of the field
measured data match the result of the analysis using the damping ratio of 30%.
This similarity of results implies relatively high magnitude stress fluctuation in
a hanger could be the result of a sudden movement of one end of the hanger.
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4. CONCLUSION
This study demonstrates the use of the principle of structural vibration to
examine the causes of dynamic responses of bridge hangers that have
experienced excursion of high stresses. Three possible causes of hanger
vibration are investigated; namely, gusty wind load, a sudden horizontal
movement of one end of the hanger, and the sudden release of rotation at a pin
joint when overcoming friction or restraining movement. The analytical
methods, that is, the continuous properties method and the discrete model
method, are used wherever applicable. Also, in modeling the bridge hanger, the
end conditions are modeled as either pin-connected or fix-ended. Based on the
results of the analyses, the following conclusions can be drawn:
1. Wind load, sudden horizontal movement of the end, and sudden
release of the end joint when overcoming friction can all induce sudden variation
of stresses in bridge hangers.
2. The magnitude of the induced stress could be quite high in the
order of 10 ksi or higher.
3. Correlation between results obtained from the analyses and
data from measurement reveals that the stress-time curves are analogous. This
implies that the measured stress excursion could be due to one of the causes.
4. The similarity of stress magnitudes from measurement and from
computation using high damping ratios suggests that the damping ratio of the
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hangers could be as high as 25%-30%.
The results of this study, however, have certain inherent limitations due
to the assumed nature of the unknown forces, support motions and joint
conditions. Since the primary objective of this study is to explore the use of the
principle of vibration for explaining the measured data, the accuracy of stress
quantities is of less concern. The effects of other parameters such as the
variation of axial forces, biaxial bending and tension, and other possible loading
conditions could also be very important. The study of these effects is
recommended.
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Fig. 1-1 A schematic bridge in which member AS and CD are bridge hangers
< ContinuousSimple supported .
<
Discrete
Gusty wind
Fixed support· Continuous
~
Simple support
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movement of joint Fixed support
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Discrete
Sudden release
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at one end
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Fig. 1-2 A list of combination of analytical modal and end conditions
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Fig. 1·3 a) Hanger subjected to wind
b) Hanger subjected to horizontal movement
c) Hanger subjected to sudden release of the joint
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Width = 30 in.
Depth = 40 in.
Thickness = 5/8 in.
Length = 65 ft.
Area = 87.5 in2•
Ixx = 21,667 in4•
Iyy = 14,063 in4•
m = 0.0643 Ib-sec2/in2.
Fig. 1-4 Hanger cross section
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Fig. 2-1 Beam element showing nodal forces and displacements.
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Fig. 2-3 A constant force.
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SIMPLE BEAM SUBJECTED TO GUSTY WIND
USING CONTINUOUS PROPERTIES METHOD
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Fig.3-1 Simple beam subjected to gusty wind using td = 0.1 and damping ratio = 10%
(continuous properties method)
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Fig. 3-3 Simple beam subjected to gust wind using td = 0.1 and damping ratio = 20%
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Fig 3-4 Simple beam subjected to gust wind using td = 0.1 and damping ratio = 25%
( Continuous properties method )
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Fig. 3-5 Simple beam subjected to gusty wind using td = 0.1 and damping ratio = 30%
( Continuous properties method)
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Fig. 3-6 Simple beam subjected to gust wind using td = 0.1 and damping ratio = 10%
( Discrete model method )
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Fig. 3-7 Simple beam subjected to gusty wind using td = 0.1 and damping ratio = 15%
( Discrete model method)
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Fig. 3-8 Simple beam subjected to gusty wind using td = 0.1 and damping ratio =20%
( Discrete model method )
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Fig 3-9 Simple beam subjected to gusty wind using td = 0.1 and damping ratio = 25%
( Discrete model method )
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Fig. 3-10 Simple beam subjected to gusty wind using td = 0.1 and damping ratio = 30%
( Discrete model method )
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Fig.3-11 Fix ended beam subjected to gusty wind using td = 0.1 and damping ratio = 10%
(continuous properties method)
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Fig. 3-12 Fix ended beam subjected to gusty wind using td = 0.1 sec and damping ratio =15%
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Fig. 3-13 Fix ended beam subjected to gusty wind using td = 0.1 sec and damping ratio = 20%
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Fig. 3-14 Fix ended beam subjected to gusty wind using td = 0.1 sec and damping ratio = 25%
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Fig. 3-15 Fix ended beam subjected to gusty wind using td =0.1 sec and damping ratio =30%
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Fig. 3-16 compare the results using continuous properties and discrete model method
( Simple beam subjected to gusty wind)
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Fig. 3-17 Compare results using different applied force duration (td) in second.
( Simple beam subjected to gusty wind)
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Fig. 3-18 Comparison of analytical results and field measured data
( Simple beam subjected to gusty wind using damping 30% )
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Fig. 3-19 Simple beam subjected to horizontal movement using td= 0.1 sec and damping ratio =10%
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Fig. 3-20 Simple beam subjected to horizontal movement using td = 0.1 sec and damping ratio = 15%
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Fig.3-21 Simple beam subjected to horizontal movement using td = 0.1 sec and damping ratio = 20%
SIMPLE BEAM SUBJECTED TO HORZ. MOVEMENT
USING DISCRETE MODEL METHOD
12
10
8
...................... 6.- (J)(J) LJ
..e- c(f) m- 4(f)
::Jill 0
"'-J
O:..c
.j::>.
f-C 2(f)
0
-2
• , I I , I I •
- .. - - - - - - - - - - - - - - - , - - - - - - ~ - , - - - - - - - - .,. - - - - - - - - ... - .. - .. - - - - T :- ...... - - - - , - - - .... - - - .,. - - - - - - - - r - - .. - - ......
I I I I I I t
, 1 • , , 1
I • r I 1 I
I I I • I
_1 __ __ • _ _ _ _ .. __ _ .. _1 __ " __ ._ .. _ __ __ _ _ •• __ _ .. _
, I I I I
, , I • •
I I 1 , t
1 I , I I
,
, ,-:-_::::.::::::::::~~:l::::_:::l::::::::[::;~;;;;::::::::::::;::::::-:::
,
.. _ - -i _ ~ __ .. " ~J_ ~: __ _ .. _:_ _ ~ .. _ _"" _ _ _ ~ _ _> _ ~ _ ..
I I I I I
., ,. I
• I " I
'I " I
, , ,
" I I
............... - ~ w"_ .. " - .. - -1-" .. - _.. -:- r" .. -.......... .. ., - -:- !- ..
, "
, "
. ,
,
-4Iii i i ; iii i I
0.00 0.20 0040 0.60 0.80 1.00 1.20 1040 1.60 1.80 2.00
TIME (sec)
Fig. 3-22 Simple beam subjected to horizontal movement using td = 0.1 sec and damping ratio = 25%
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Fig. 3-23 Simple beam subjected to horzontal movement using td = 0.1 sec and damping ratio = 30%
SIMPLE BEAM SUBJECTED TO HORZ. MOVEMENT
USING DISCRETE MODEL METHOD (3 MODES)
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Fig. 3-24 Simple beam subjected to harz. movement using 3 modes with damping 10% and td == 0.1 sec
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Fig. 3-25 Simple beam subjected to harz. movement using 3 modes with damping 15% and td == 0.1 sec
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Fig. 3-26 Simple beam subjected to harz. movement using 3 modes with damping 20% and td = 0.1 sec
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SIMPLE BEAM SUBJECTED TO HORZ. MOVEMENT
USING DISCRETE MODEL METHOD (3 MODES)
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Fig. 3-27 Simple beam subjected to harz. movement using 3 modes with damping 25% and td = 0.1 sec
SIMPLE BEAM SUBJECTED TO HORZ. MOVEMENT
USING DISCRETE MODEL METHOD (3 MODES)
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Fig. 3-28 Simple beam subjected to harz. movement using 3 modes with damping 30% and td = 0.1 sec
FIXED BEAM SUBJECTED TO HaRZ. MOVEMENT
USING DISCRETE MODEL METHOD
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Fig. 3-29 Fix ended beam subjected to horizontal movement using td= 0.1 sec and damping ratio = 10%
FIXED BEAM SUBJECTED TO HORZ. MOVEMENT
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Fig. 3-30 Fix ended beam subjected to horizontal movement using td = 0.1 sec and damping ratio = 15%
FIXED BEAM SUBJECTED TO HORZ. MOVEMENT
USING DISCRETE MODEL METHOD
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Fig.3-31 Rx ended beam subjected to horizontal movement using td =0.1 sec and damping ratio = 20%
FIXED BEAM SUBJECTED TO HORZ. MOVEMENT
USING DISCRETE MODEL METHOD
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Fig. 3-32 Fix ended beam subjected to horizontal movement using td = 0.1 sec, damping ratio = 25%
FIXED BEAM SUBJECTED TO HORZ. MOVEMENT
USING DISCRETE MODEL METHOD
I
,
. ,
I I I I
I I I I
" ,--·--------~--f--- --------- ..:--------------.~-------------------------- ~----.-----_---
· ,
· ,
· ,
· ,
· ,
· ,
· ,
· ,
I I I I r
- - - - - - - - ~- - - - - 1 _ _ _ _ _ _ • .'. l.. J L. _
I I I • ,
I I I I I
• I I I I
I , I I I
I , I I I
I t I I ,
I , I , I
I r 1 I I
" ,
, I I I I
- - - - - - t- - - - - - - - I. - - - - - _ _ _ .1. _ • I.. J L. _
I , I ,
, I , I
I t I I
,___ , ,
, ,
, ,
, ,
, ,
, ~
-------- --- ---; ----- --- -\2----:------ --. -~---- ------.---~.-.- --:--------------
• I I I I
• I I I I
I , I , I
I , , I •
I , , , ,J :.............•.... ..l .J. l .
I I I I
I , , I I
I • I I I
, I I I I
I I , I ,
, , , , I
-1 000Ii: : i j I
0.00 0.10 0.20 0.30 0.40 0.50 0.60
TIME (sec)
Cf)
Cf)
w
a:
.-
Cf)
..........
'00
a..
........
co
01
Fig.3-33 Rx ended beam subjected to horizontal movement using td =0.1 sec, damping ratio =30%
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SIMPLE BEAM SUBJECTED TO SUDDEN RELEASE
DUE TO OVERCOMING FRICTION
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Fig. 3-34 Simple beam subjected to sudden release due to overcoming friction using damping 10%
( Discrete model method )
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Fig. 3-35 Simple beam subjected to sudden release due to overcoming friction using damping 15%
( Discrete model method )
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Fig. 3-36 Simple beam subjected to sudden release due to overcoming friction using damping 20%
( Discrete model method )
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Fig. 3-37 Simple beam subjected to sudden release due to overcoming friction using damping 25%
( Discrete model method )
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Fig. 3-38 Simple beam subjected to sudden release due to overcoming friction using damping 30%
( Discrete model method )
SIMPLE BEAM SUBJECTED TO HaRZ. MOVEMENT
USING ONLY FIRST MODE AND FIRST 3 MODES
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Fig. 3-39 Comparison of the results using only first mode and using first 3 modes
COMPARISON OF THE RESULTS
USING DIFFERENT DAMPING RATIO
Ix~ = Percent ~amPing. I
_____ • • • J_o_O[~ . • • _
! : ~; ; ,.. , .
----c------A '25%____ 0- ..: • I
0000. I
-2000Iii iii I
0.00 0.20 0.40 0.60 0.80 1.00 1.20
TIME (sec)
Fig. 3-40 Compare the results using different damping ratios
( Fixed beam subjected to horizontal movement)
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Fig. 3-41 Comparison of analytecal results and field measured data
( Simple beam subjected to horizontal movement using damping 30% )
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APPENDIX
The result of differentiating twice the function DRF(t) of a symmetrical
triangular loading,
2(t sinevt)
t d ev
2 [td-t+..!. [2sinev (t-!.!!) -sinev t] ]
t d ev 2
DRF( t) = -~Ul(t+t 1 t d t d4e d (l-cosev-) [sinUl-cosUlD(t+td )2 2
,is as follows:
2ev sin(i)t
t d
2(i) [-2sinCJl(t-td) sinevt]t d
DR.F( t) = 4(i) (l-A) e-~w(t-tdl
t d
. [ (~:lA-A+~3B+~B) sin(i) (t- t d )
- (2~A+B+~2B) COS(i) (t-t d )]
where
wt
A = COS (_d)
2
. (i) t dB = s~n(--)
2
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